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Abstract 

We continue exploring free strings in the background of null Kasner-like cosmological 



singularities, following larXiv:0904.4532 [hep-th]. We study the free string Schrodinger 
wavefunctional along the lines of larXiv:0807.l5l71 [hep-th]. We find the wavefunctional 
to be nonsingular in the vicinity of singularities whose Kasner exponents satisfy certain 
relations. We compare this with the description in other variables. We then study certain 
regulated versions of these singularities where the singular region is replaced by a sub- 
stringy but nonsingular region and study the string spectra in these backgrounds. The 
string modes can again be solved for exactly, giving some insight into how string oscillator 
states get excited near the singularity. 
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1 Introduction 

In this note, we continue exploring free string propagation in the background of null cosmological 
singularities, following [1], and motivated by |2l |3l HI |5] , as well as some earlier investigations, 

e.g. ^muummmm^mmmmmmm^m^mw\. 

Time-dependent generalizations of AdS/CFT where the bulk contains null or spacelike cos- 
mological singularities were studied in [21 |3l 1^, with a nontrivial dilaton e* that vanishes at 
the location of the cosmological singularity, the curvatures behaving as Rmn ~ dM^dN^- The 
gauge theory duals are A/'=4 Super Yang-Mills theories with a time-dependent gauge coupling 
9ym = [21 [31 H] describe aspects of the dual descriptions of the bulk cosmological 

singularities. From the bulk point of view, supergravity breaks down and possible resolutions 
of the cosmological singularity stem from stringy effects. Indeed noting a' ~ ^^^^ ~ ~g — ^"7^ 
from the usual AdS/CFT dictionary and extrapolating naively to these time-dependent cases 
with a nontrivial dilaton, we have a' ~ ^.t/l^ indicating vanishing effective tension for stringy 
excitations, when e* — )■ near the singularity. In general, we expect that stringy effects are 
becoming important near the bulk singularity, corresponding to possible gauge coupling effects 
in the dual gauge theory. It is therefore interesting to understand worldsheet string effects 
in the vicinity of the singularity. Owing to the technical difficulties with string quantization 
in an AdS background with RR flux, we would like to look for simpler, purely gravitational 
backgrounds as toy models whose singularity structure shares some essential features with the 
backgrounds in the AdS / CFT investigations. 



1 



In [T], we described purely gravitational spacetimes, with no other background fields turned 
on, containing null Kasner-like cosmological singularities where tidal forces diverge. The Kas- 
ner exponents satisfy certain algebraic relations stemming from the supergravity equations of 
motion. These are related by a coordinate transformation to anisotropic plane waves with 
singularities. We then studied the free string spectra in these backgrounds, aided by the fact 
that the string mode functions can be exactly solved for in these backgrounds. Using the mode 
asymptotics in the near singularity region, the worldsheet Hamiltonian in lightcone gauge can 
be simplified enabling a detailed analysis of the string spectrum. 

The Schrodinger wavefunctional was found to be a useful diagnostic for the response of gauge 
theories to time-dependent coupling sources 0] : these theories are dual to AdS cosmologies with 
spacelike singularities, in particular with dilaton profiles vanishing as ~ t^, p > 0, with t 
being a time-like time coordinate. Among other things, |1] found that the quantum mechanical 
wave function of the system, describing its response to the external time dependence, in general 
acquires a time dependent phase factor. For p > 1, this phase becomes wildly oscillating and 
diverges as t — )■ 0~. As a result, the wave function of the system (in the Schrodinger picture) 
does not have a well defined limit as t — )■ 0~. In contrast for p < 1, the phase factor does not 
diverge and the wave function has a well defined limit as t — )■ 0~. The energy diverges in both 
cases. By contrast, null singularities with e* ~ {x~^y appear to be better defined [2], with a 
well-defined "near singularity" wavefunction and no divergence^]. These findings could acquire 
possible modifications due to gauge coupling renormalization effects, as discussed in [1]. 

Motivated by this, in the present paper, we continue investigating null singularities and the 
string worldsheet description, following [1]. Along the lines of the Schrodinger wavefunctional 
analysis [1] described above, we study the Schrodinger equation for the string wavefunctions us- 
ing the free string Hamiltonian to study the response of strings to null Kasner-like cosmological 
singularities, thereby gaining insights into string propagation across these null singularities. We 
find that for singularities whose Kasner exponents satisfy certain relations, the wavefunction 
has a well-defined limit near the singularity, as x"*" — ?■ 0^. We compare this with the corre- 
sponding description in other variables. We then describe certain regulated versions of these 
spacetimes where the singular region is excised by a substringy but nonsingular region (albeit 
by a nonanalytic regulator), and study the string spectra in these regulated regions. The string 
modes can luckily be again solved for exactly, giving some insight into how string oscillator 
states turn on near the singularity. In particular, comparing the (instantaneous) masses of 
string oscillator states with the local energy (curvature) scales in the regulated near singularity 

""^Indeed, in terms of the redefined gauge fields — e^*/^A^, the gauge theory interaction terms become 
unimportant near the singularity 2 and the lightcone Hamiltonian containing simply the kinetic terms gives 
rise to a free lightcone Schrodinger equation for the gauge theory wavefunctional. Operators involving are 
likely to not have local bulk duals as argued in [2], again suggesting stringy effects. 
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region, we find that a finite number of oscillator states are light for a finite regulator. 

In sec. 2, we review some key points of [1], and then discuss the Schrodinger wavefunctional 
in sec. 3. In sec. 4, we describe various dimensional properties of these spacetimes that make 
this description consistent with the no-scale property of plane wave spacetimes (that these are 
related to by a coordinate transformation). Finally in sec. 5, we discuss some regulated versions 
of these singularities and string propagation in them, closing with a discussion in sec. 6. 

2 Reviewing null singularities and strings 

We are interested in purely gravitational spacetime backgrounds (for simplicity) that have a 
Big-Crunch (-Bang) type of singularity at some value of the lightlike time coordinate x~^. Thus 
consider 

ds^ = e^("^) {-2dx^dx- + dx'dx') + e^^^^^dx'^dx'^ , (1) 

with two null scale factors (and all other backgrounds fields vanishing). It is straightforward to 
generalize this to multiple scale factors e^"^^^^\ Simple classes of null Kasner-like cosmological 
singularities arise in the vicinity of x+ = with 

ds^ = {x+Y [-2dx+dx- + dx'dx') + {x+fdx'^dx"' , a > , (2) 

where i = 1, 2, m = 3, . . . , — 2. A solution with a < can be transformed to one with a > 
by redefining = These are Ricci-fiat solutions to the Einstein equations if = 0, i.e. 

^ify~f" + ^^-^{-2h"-{h'f + 2f'h') = + 2a+^^-^{-b^ + 2b + 2ab) = . (3) 

The first equation, in terms of the scale factors e-^ ,e^, shows that the curvature for the 4D scale 
factor e-^ is sourced by those for the "internal space" scale factor e^: indeed the h (and more 
generally hm for multiple scale factors) are the analogs of the dilaton scalar in the AdS/CFT 
cosmological context [2113111] where the corresponding equation was -R^| = |(9+$)^. That is, 
the kinetic terms {d+hmY (and related cross-terms) play the role of the dilaton in driving the 
singular behaviour of the 4D part of the spacetime. 

For any b a, these give solutions 2a = —2 — {D — A)b± a/4 + (D — 4)(Z} — 2)6^. Requiring 
a > means we take the positive radical. Requiring unambiguous analytic continuation from 
x"*" < to x"^ > across the singularity means a, b are even integers: this is more restrictive but 
such solutions do existl§. While no curvature invariants diverge in these null backgrounds, the 
Riemann components -R+/+/, I = i,m, are nonvanishing giving diverging tidal forces: analysing 

^From eq.(lO) of [I], we have (a, &) = (0, 2), (44, -2), (44, 92), (2068, -92) . . ., for D = 26 (bosonic string), 
and (a, b) = (0, 2), (12, -2), (12, 28), (180, -28), (180, 390), . . ., for D = 10 (superstring). 
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the deviation of null geodesic congruences, we find the accelerations a\ a"* ~ ■ We refer 

to [1] for details on the various properties of these spacetimes and the Kasner exponents. 

We would like to study string propagation in these backgrounds. Starting with the closed 
string worldsheet action S = — J ^^\f—hh"-^ daX^d^X'^g^^^X), we use lightcone gauge x"*" = r 

and set /i^o- = 0, with E{T,a) = \ —ir^ , as in [28] (see also [29]), obtaining 



S = j (fa (^-EgijdrX'drX' + i gud^X'd^X' - 2Eg+.drX-^ . 



(4) 



Then setting the momentum conjugate to X to a r- independent constant p_ = = — f™' 
by a r- independent cr- reparametrization invariance (not fixed by the gauge fixing above), we 



obtain E = giving 

S = ^ J (fa {{d^X'f - e2^(") {d.X'f + e^^-^^") {d^X'^f - e'^^^^+^M {d^X'^f) , (5) 

containing only the physical transverse degrees of freedom X^ = X\ X^, of the string. We can 
now calculate the Hamiltonian H[X~ ,p_, X^ ,11^] (using E = ^^^^ in (H), and solve for X" 
using drX- = ^ . 

The lightcone gauge quantization of strings in these backgrounds is aided by the fact that 
the classical string modes here can be exactly solved for from the worldsheet equations of motion 
following from (|5]): we have the mode functions 



\ 2a + 2 \ a + I / 2a + 2 \a + i 



(6) 



where dj = l,2z/, for I = i,m, respectively, z/ = and c^i,c^2 constants. Using the 

basis modes /i(T)e*"'°", we can then mode expand the worldsheet coordinate fields X^{T,a). 
Then by the usual procedure to simplify the Hamiltonian using the mode expansion, we obtain 

H = ^ {iK? + r'--{X^r) + ^ E \^n\' ( ({<, alj + {~al ~alj) {jfj' + n'r'Vnl') 

n \ 

n \ 

We now introduce a cutoff null surface at x+ = r = r^, akin to a stretched horizon outside 
a black hole horizon, and will evaluate the various mode asymptotics on this constant null- 
time surface. The mode function asymptotics show distinct behaviour for the low lying (small 
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oscillation number n < Uc ^ ^rr) and highly stringy (large n ^ n^) modes in the near 
singularity region. From the mode functions, we find the asymptotics as r = — )■ 0, 



Jn ~^ ^nO "T ^nr^c ' Cq _|_ ~ 



L p-^nr^+^/l(a+l) «n L „-mr,"+ V(«+l) ^^"^^ ^ 1 

/n ^,/2e , In ^,/2^ ' (a + 1) 



where the A^g, A^^ are constant coefficients arising from the Bessel function expansions and 
involving c^i,c^2- The highly stringy modes (positive frequency in the second line, with c^j^ = 
l,c^2 = ~0 essentially ultra-short wavelength relative to the cutoff length scale Tc. Note 
that this implies that for r^+^ > 1, the n = 1 oscillator state is already "highly stringy". Note 
that for any nonzero if inffnitesimal regularization Tc, there exist such highly stringy modes, of 
sufficiently high n that are oscillatory. Details on the near singularity string spectrum can be 
found in [1]. Later (sec. 4) we will revisit this being explicit about the length scales involved, 
to gain insight into how oscillator states turn on near the singularity. 



3 Wave functions and the Schrodinger picture 

Here we will use the Schrodinger equation to describe wave functions for near singularity string 
states and gain insights into free string propagation across the singularitjl^. Our analysis of the 
general Schrodinger wavefunctional has parallels with that of the Schrodinger wavefunctionals 
for gauge theory duals of AdS cosmologies with spacelike singularities in [4] . 



3.1 Wave functions, oscillator states and the Schrodinger equation 

From [1] (sec. 3), the string worldsheet Hamiltonian in terms of the oscillator operators for the 
low-lying and highly stringy modes is 

l^nOl ^ ^ 

~ («-n«n + ~a-n^l + ^) , (9) 

(X ~\~ L 

•^Our analysis is essentially from the bosonic parts of the string worldsheet theory. Since the worldsheet 
fermion terms are quadratic (with covariant derivatives) for these purely gravitational backgrounds, we expect 
that including them will not qualitatively change our results here. 
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with the 6,^-oscillators defined as hnear combinations 



X *^a_^, of the creation-annihilation operators (in, for the low- lying modes. This can be seen 
by analyzing the Hamiltonian ([7]) and using the mode asymptotics ([8]). 

We see that the Hamiltonian does not mix the various operators for different /-directions, and 
also for different oscillator levels n. Thus we can write H = ^jHj, where 



HI 



7ra'{p, 



'iO) 



E 



TT 



2(a + l)|<o|n2 



bilbi 



TT 



2(a+l)|< 



-nO 



2 2a Tit U 



2 b+afmUm 



a + 1 



(10) 



and 



Each Hi decouples into a contribution Hf from the low-lying modes (n < nc ~ — 

another Hf from the highly stringy modes (n ^ ~ -stt)- 

In this free string limit, the general state |\1') then factorizes into a product of states 
< > I ^7)1^7)5 decoupled both in the various /-directions as well as between the low-lying 

and highly stringy modes. The Schrodinger equation ^^|^) = H\^) for the general state then 

factorizes into a set of equations for each /-direction as 



d 

iTr\^i) = Hil^i) 
or 



In the near singularity limit r — )■ 0, we see that these equations simplify and become (keeping 
only the leading terms) 



z^\^<) = H<\^<) ~ ma 



TT 



-. u 

2{a + l)\c\,\n^ 



\ ml ml m/ ' 



a—b 



2(a + l)|Co|n2 




6 > , 



.a+b 



TT 



"nO "nO I ^ml 



. ^ 2 a + l Co 

\n<nc / I riu I 



6 < 



^^m) = Hf\^f) - r 



\l; rCl>nc / 



(12) 



These equations can be recast as Schrodinger equations with time-independent Hamiltonians 
id\j\^ i) = ///I^E') (with dxjHj = 0) in terms of some time parameter A/ depending on the 
particular modes in question. For instance, = J r'^dr = for the highly stringy modes 
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in the last line above. Thus we see that |^I/,f ) is well-defined across r — t- as long this time- 
independent Schrodinger equation has a well-defined time parameter A/. From the form of 
these equations, we see that for both 6 > 0, 6 < 0, the states 1^1/^) well-defined as long as 
^a+i-b ^ ^2u jg well-defined as r -> 0, i.e. if 2u > 0. 

The highly stringy modes are very high frequency and essentially do not see the time- 
dependence of the background at all, giving a free Schrodinger equation (in fiat space effectively) 
in the last line of f[T^ . Thus the states 1"^^) are well-defined as r — > 0. 

Let us now make a comment on a point particle propagating in these backgrounds, with 
action S = j dr ^^{T)gijx^ , where ^(r) is the worldline metric. Fixing lightcone gauge 
x"*" = r, the hghtcone momentum p_ = ^'^'^'^^+- is conserved. This gives the conjugate momenta 
Pj = i{T)giix^ and the Hamiltonian H = 2i{l)gii 'P^i ~ 2p~^P'i ~^ '^°'~''Pm)- We can also solve 
for x~ using drX~ = , using ^{r) = . The fact that this point particle Hamiltonian 
appears well-defined dovetails with the fact that the low-lying oscillator modes of the string 
have asymptotics similar to the zero mode (point particle). Note however that the spacetimes in 
question are singular only due to diverging tidal forces arising in congruences of null geodesies. 
This suggests that such a singularity might refiect in wave propagation of field modes in the 
near singularity region, rather than in single particle propagation. It would be interesting to 
explore this further. 



3.2 The Schrodinger wave functional 

In P (and reviewed earlier), we described a "nuts-and-bolts" approach to string propagation 
near these null Kasner-like singularities, by solving for the worldsheet string mode functions, 
constructing the Hamiltonian and thence the near singularity string spectrum. This then leads 
to the Schrodinger equation description of the string wavefunction in the previous subsection. 
Here we will describe a more general Schrodinger wave functional for string states. This has 
parallels with the analysis of We will see how this dovetails with the earlier analysis. 
The worldsheet string Hamiltonian following from the action ([5]) is 

H = I da \{2Tia'f{Wf + r^'^id.X'f + (27ra')'^""'(n™)' + r'^+Hd^X'^f] . (13) 

Aixa' J 

As we will elaborate on in sec. 4 (incorporating length scales in this system), the range of 
J da is J^^'^Ip-I" (10-^ involving the lightcone momentum p_. This Hamiltonian is the physical 
Hamiltonian H = — p+ satisfying the physical state condition = —2g~^~p^p- — g^^pioY. 
Let us denote by \I'[X'^(cr), r] the wavefunctional for string fields X\a) = X*(cr), X'^(cr). Then 
the Schrodinger equation for the wave functional and the functional momentum operator is 

td^X^, t] = H[X^, tMX^, t] , H^[a] = "^^^ ■ (M) 
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In lightcone gauge x"*" = r, this is essentially the Schrodinger equation for the evolution in 
spacetime ^gf + ^ of the string wavefunctional. Since spatial translations are symmetries on the 
worldsheet, spatial momenta are conserved. Now we see that the Hamiltonian is simply the 
sum H = Hj[X^] of decoupled contributions from each of the string coordinate fields X^. 
Therefore in the free string limit, it is consistent to assume that the string wavefunctional also 
factorizes into decoupled pieces as 

^[x^] = Yl ^/[^^] = n ^i^i^"!^""] • (15) 

/ i,m 

Then the Schrodinger equation becomes 

I ^ I ^ 

Thus it is consistent to assume that this equation is separable into decoupled equations for each 
string coordinate field as 

id,^j[X',T]=Hi[X']^'[X',T]. (17) 
For the X*, this becomes (since a > 0) 

(18) 

This is the Schrodinger equation for free propagation in a time-independent background, as in 
fiat space: thus we conclude that free string propagation in the a;*-directions is nonsingular. 
For the X™, the Schrodinger equation becomes 



'9r^rn[X-,r] = ^lda 



- ^-[X™,r] . (19) 



dX'^la] 

This has different behaviour depending on the Kasner exponents a, h. For 6 > 0, the kinetic 
term dominates as r — )■ and we have 

idr^r^[X^, r] = - Wr"-^ j daj^^^^^[X^, r] , (20) 

which can be recast as the free Schrodinger equation 

idx^^[X^, A] = -W j daj^^^^[X^, A] , \ = j dr r^-' = — . (21) 

This is well-defined for 2z/ = a-|-l — 6>0. Alternatively, we can solve for the time dependence 
of ([20D to obtain 

^[X'™,r] = e'™"^^''"^^%F ^[X'"] . (22) 
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The phase in the functional operator is well-defined if 2v > 0: else we obtain a "wildly'' 
oscillating phase as r — 0. 

For 6 < 0, the potential term dominates and the Schrodinger equation becomes 

-a+b 



idr^^lX^, r] = ^j r] , [b < 0] , (23) 

1 r a+b+1 2u 

^ tdx^mlX"', X] = —-, da{d,X^f^^[X^, A] , A = = — , (24) 

Area J a + + 1 2u 

which is again well-defined if 2z/ = a + 1 — |6| > 0. Alternatively, we can solve for the time- 
dependent phase of the wavefunction as \I^[X'^,r] ~ e'^s^-^'^"^^"^'"^^ with a well- 
defined phase if 2z/ > 0. 

Now to see the highly stringy modes, we write the Hamiltonian ( fT3|) as 

+ 9uO,X-)^) W + "-M) . (25) 

in terms of the instantaneous creation-annihilation operators cii = (^y/gii{daX^) + ^^^^|=^ j . 
This rewriting of the Hamiltonian above is only valid for modes that are sufficiently high fre- 
quency that the background time dependence appears frozen to them: indeed apart from the 
prefactor, this is essentially the fiat space string Hamiltonian as it should be for such modes. Re- 
casting in terms of mode expansions, we see that the Hamiltonian above is essentially the same 
as that for the highly stringy modes [i.e. H^, last line of ([9])). The corresponding Schrodinger 
equation then is 

tdr^>[X',T] = H>[X']^>[X',t] 2a,.+i/(,+i)Vl>>[X^r] = H>,,^>[X',t] . (26) 

The form of equations (^U^, ^ and (^Ei) is similar to (112]). 

Thus the general Schrodinger picture wavefunctional \I^[X'^(a)] description recovers the ear- 
lier "nuts-and-bolts" description and is consistent with various detailed aspects of the spectrum 
and wavefunctions described in pQ and in the previous subsection. This suggests that string 
propagation is well-defined across null singularities with 2i/ = a + l — 6>0. These are in fact 
the singularities where the classical near-singularity string mode functions do not diverge [1]. 

3.3 Other variables and the Schrodinger wavefunctional 

Here we compare the above with the corresponding description in other variables that arise if 
we use other spacetime coordinates. 

In terms of the affine parameter A = ^ ^^-^ , we can write these spacetimes as 

ds^ = -2d\dx- + X^Hdx^f , Ai = . (27) 

a + 1 
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Now = — 1 and fixing lightcone gauge t = A, the string worldsheet Hamiltonian becomes 

"-^I"" ('^™')^lJf ^ ^"(^"^■''^) -^I'^ ((2-')^^ + r-(a„A-v) . 

(28) 

Now consider Aj > 0. Then as r — )■ 0, the kinetic terms dominate and the Schrodinger equation 
becomes ^ 

tdr^X', t] = -na'r-^' j da ^ ^[X\ r] (29) 

giving for the time- dependence 



^[X\t] ~ e "'"T^J"'^ ^ ^[x^] . (30) 

The phase in the functional operator is well-defined if A/ < 1. Alternatively, we can recast 
(|29l) as a free Schrodinger equation in terms of the time parameter t^^^' which is well-defined 
if Ai < 1. 

For spacetimes with Ai < 0, the potential terms dominate and we have 

td^nx', t] = ^ j da {d^X'Y ^X', t] , (31) 
giving for the time- dependence 

^[X^r] ~ e"'4."'(iH'^/i)^'^" ^[X^] , (32) 

which is well-defined for \Ai\ < 1. 

The condition \Aj\ < 1 is equivalent to 2z/ > {e.g. < 1) stated earlier. These 
spacetimes are in a sense the analogs of the cases p < 1 with a well-defined wavefunctional 
phase arising in the gauge theories dual to AdS cosmologies with spacelike singularities 
There is no manifest time-dependent divergence in the Hamiltonian here, unlike the dilaton 
prefactor there. 

Now we discuss Brinkman coordinates. From pQ, we know that the coordinate transforma- 
tion = {x~^)~°''^'^y^ , where aj = a,b, recasts the spacetimes ([2]) in manifest plane-wave form 
(this is also valid for singularities with multiple Kasner exponents) 



ds^ = -2{x+fdx+dy- 



Here we have redefined = x^ + ( ^(^'+)^i+i )• For aj = a,b distinct, these are in general 
anisotropic plane-waves with singularities. After further redefining to the affine parameter 
A = ■^^—7-;—, we obtain the metric 

a+l ' 

ds' = -2dXdy- + J2 Xiiy'r^ + , Xi = ^{A:-2). (34) 
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The string worldsheet Hamiltonian in lightcone gauge r = A is 

H = ^Jda (^i2na'mir + {d.y^f - ^(y^^ . (35) 

We see that the Hamiltonian in these variables contains a mass-term which diverges as 
r — )■ 0. The wavefunctional then acquires a "wildly" oscillating phase as r — )■ 

^[y^r] ~ e-^^'""^^'^' . (36) 

This renders a well-defined Schrodinger wavefunctional interpretation near the singularity dif- 
ficult in these Brinkman coordinates. 

In the Rosen-like coordinates with the variables , as we have seen, there is no such divergent 
mass-term and the Schrodinger wavefunctional shows smooth behaviour across the singularity 
for spacetimes with \Ai\ < 1. In some sense, this is akin to the difference between the X and X 
dual gauge theory variables discussed in [1]. Of course physical observables defined appropri- 
ately presumably are well-defined independent of the choice of variables, although they might 
be more transparent in some variables. 

4 Null singularities, strings and length scales 

We now describe some relevant length scales that arise in string propagation in the vicinity of 
null cosmological singularities, essentially drawing various results from [T] but being explicit 
about length scales. Our goal is to gain insights into how string oscillator states get excited 
in the near singularity region. In the next section, we will study regulated versions of the 
singularity which will render further support to this picture. 

The no-scale nature of these spacetimes, i.e. requiring no explicit length scale, is manifest 
in the plane- wave (Brinkman) form ( l33l) ( IMj) . In the Rosen coordinates ([2]), where the null 
cosmology interpretation is manifest, the dimensions of various coordinates are nontrivial, as 
they should be to maintain the no-scale property. In particular, the affine parameter A = ^ '^^^ 
is of dimension length (L), so that dim = L^/^"-+^\ This implies that dim = L^~"-/('^("-+^^) 
and dim = L^~^/('^("-+'^^\ The length scale characterizing the near singularity region is set 
by the tidal forces, or the acceleration: this gives the scale of curvature as a* = Mc = (^^+^2a+2 
of dimension . 

The lightcone gauge condition fixes dim t°'~^^ = dim a = L. We now introduce the co- 
ordinate length / of the string, so that J da = J^^'' da. From the worldsheet Lagrangian, we 
then see that the momentum conjugate to X~ is p_ = —3:;^) so that the coordinate length / 
is related to the lightcone momentum of the string as 

I = 27v\p_\a' = 27vp_a' . (37) 
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We see that p- < and will denote by p_ for convenience in what follows (note that 
= —g^^p^ is positive but time-dependent). Our conventions agree with those of [30] for flat 
space. The corresponding Hamiltonian, —p+, re-expressing the momenta 11'^ in terms of drX^ , 
is 

H = [ da lidrX^y + e'f^^\d,X' f + e'^M-^(")(9,X™)2 + e'^^^^^^^^Hd^X'^f] (38) 

Ana' J 

then shows that the dimensions of each term are consistent with dimX'' = L^~"-/^'^(^+'^\ 
dimX"" = The Hamihonian then has dim H = dim - = L-^/(^+^). 

r 

The mode function asymptotics for the low lying and highly stringy modes in the near 
singularity region on a cutoff null surface = t = Tc are 



T TIT 

£1 . \i _i_ \i • rm . \m _i_ \m c c ^ -i 

/n ~^ '^nO + '^nT^l/(a+l) ' In ^nO + ^nr ^2i//(a+l) ' l(a + 1) 

]a/{2{a+l)) ]b/{2{a+l)) „^a+l 



where the A^q, A^^ are constant coefficients arising from the Bessel function expansions (and in 
the second line, we have chosen positive frequency modes, c^^ = 1, c^2 = ^ mode is highly 
stringy on this cutoff surface if 

n > —— ~ i-— , (40) 

c c 

the characteristic scale being a combination of the lightcone momentum and the string scale. 
Thus this implies that for r"+^ > the n = 1 oscillator state is already "highly stringy". 

The masses of the highly stringy states is ~ ^^('^n'^n + • • •)• Thus a single oscillator 
excitation has mass = ^. Comparing with the typical curvature scale (set by the tidal 
forces), we find 

2 2 

(41) 



Thus oscillator states satisfying 



^—7 < n < -— ^ (42) 

^a+l ^2a+2 ^ ' 

c c 

are light relative to the typical energy scales in the near singularity region. The first inequality 
is from our definition of highly stringy modes (second line of fj39|l ). This also implicitly requires 
that p_r"+^ ^ 1, as r — 7- 0. These are in a sense the "instantaneous" masses of string states 
on the surface r = Tc. This picture suggests that the typical tidal forces in the near singularity 
region are sufficiently high that they excite several highly stringy states. However for a given 
cutoff surface t = Tc away from the singularity, only oscillators with n < ■^'+■2 are light. As 
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T(. —7- 0, this upper cutoff on the oscillator number also increases. Thus as we approach the 
singularity, all oscillator states become light and get excited. 

In what follows, we will study certain regulated versions of these singularities and string 
propagation in them, which vindicates the picture above. 

5 Regulating the singularity 

We now describe some regulated versions of such null singularities. These will in fact require 
an explicit length scale at which the singularity is regulated, so that they are not "no-scale" 
anymore. Some other regularized versions of plane-wave singularities have been discussed in 
e.g. [26] (see also [HI [11] for interesting related discussions in other kinds of null singularities). 

We see that some natural analytic regulators appear to violate some energy conditions so 
that they are not allowed regularizations. For instance, consider modifying ([2]) with a metric 
ansatz of the form ([T]) where the 4D scale factor is now = L"[(^)^ + e2ja/2^ Thus the scale 
factor departs from the earlier one at a length scale given by L (of dim r), within which the 
spacetime is not singular, e is a small regulating parameter. This gives the Ricci curvature for 
the 4D part of the spacetime as 

e/ = L«((^)^+6Y/^ ^ R^i = l{fr-f" 'inr^^- ^^^^ 

Since this is essentially the 4D local energy density r++, such a regulator violates energy 
positivity in the regulated region. Similar observations also hold for an analytic regulator of 
the form = L^H^)" + e^). 

In terms of the D-dim system, we find no solution to R^+^ = whose 4D scale factor is of 
the above form: the additional terms in -R^^ in the regulated region [x~^ ^ Le) are of the form 
~^^°(L^2~'^''^'' 5 which is negative definit^. 

This kind of a regulator can be thought of as a universal near singularity — )■ limit of 
ef = L"'[l — (1 — e)e^'^'^^^]"/^ ~ L°-[e + (1 — e)(^)^]'*/^, or other regulators, and so such an 
energy condition violation is a fairly basic problem of low energy regulators of the singularity. 
A similar feature also occurs in the AdS dilatonic null cosmologies discussed in [2]. 

An alternative regularization, although not analytic, is 

e/ = L'^(^ + e)" , e'^ = L^(^ + e)^ (44) 

^From eq.(9) of [I], we have 2a + {D - 4)6 = -2 ± ^2 + (D - A){D - 2)62. Requiring a > means we take 
the positive radicaL It can then be shown that 2a+ (D — 4)6 > if a, 6 7^ 0. 
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This does not have the problem above: we find 

(4) ^ a{a + 2) 
++ 2(|x+| +Le)2 ' 

. - r + ^(-2A" - (fto' + 2/70 ^ "'^'"^gVlp"^"' ■ <^^) 

Thus this regulated system is automatically a solution to i?^^ = since the expression in the 
numerator vanishes for the original singular solution. The Riemann curvature components and 
the tidal forces, given by the geodesic deviation, are 

R+i+i = ~ — ^ ^ d^"*"! + Le)'^ ^ , Rj^rn+m = ~ ^ ^ (l^^l + Ltf' ^ , 

a\ a™ ~ ^ , (46) 

SO that in the regulated region ^ Le, the curvature scale is (|^y^, large but finite, and so 
are the tidal forces. Null geodesies propagating solely along x"*" (at constant with 
cross-section along the or x"^ directions have an affine parameter 

A = const. I c/x+(|x+| + LeY = const. ^ ^ . (47) 

J a + 1 

It is worth mentioning that although the regulated spacetime appears non-analytic, the geodesies, 
affine parameter and curvature are continuous in the regulated region as we cross = 
This regulated spacetime can also be recast as a plane-wave 



ds'^ = -2{\x+\+eydx^dy' 



(|x+|+e)2 



{dyy , (4J 



whose singularity is now regulated. 

There is of course nothing sacrosanct in such a regularization of the singularity. Our purpose 
here is to simply use the regularization (jH]) as a crutch to gain insights into string oscillator 
states turning on. It would be interesting to explore these further with perhaps an analytic 
regulator, possibly with other fields {e.g. the dilaton) turned on. 

In the next subsection, we will find that the string spectrum can be solved exactly in these 
regulated backgrounds too. 



5.1 Strings near the regulated singularity 

We are primarily interested in the approach from early times to the almost-singular region to 
see how string oscillator states turn on, so the non-analyticity in the metric across x"*" = 
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will not concern us. Let us therefore study the spacetime ([T]) with the scale factors (IHI) for 
T = < 0. For simplicity, we will abuse notation and use t = rather than — r = —x^. 
Also in what follows, we will denote p_ to mean \p_\ as before, for convenience. 

The worldsheet action is given in which we would like to quantize using lightcone 
gauge, as in [T]. Keeping the string length factors explicit, we set the momentum conjugate 
to X~ to a r- independent constant p_ = = ^ r- independent reparametrization 

invariance, thus obtaining E = — This then gives the reduced action in the second line of 

' 9+- 

(jl]), containing only the physical transverse oscillation modes = X*,X™, of the string. 
The string worldsheet equations of motion in the regulated near singularity region are 

Q2j^i _ ^2a^l ^ ef^dlX' = , 
L 

dlX-^ + J"'"" drX"" - L^^iy + ef^dlX"" = . (49) 
L{j + ej L 

Defining a new (dimensionless) variable r' = J + e, these can be recast as the equations of 
motion in the singular spacetime [1] in terms of the variable r'. Then we can read off the 
solutions for the mode functions (with u = °^^~'' ), 



' a+1 ( j_ ^\a+l \ /^/^i+l / _|_ g\a+l 



(50) 

where we have introduced factors of / to make dimensionless. It is straightforward to see that 
removing the regulator as e — )■ reduces these mode functions to the ones in ([6]): in particular, 
the scale L disappears as the no-scale singular spacetime is recovered for e — )■ 0. 
The mode expansion for the string worldsheet fields is 

oo 

X\t, a) = X^{r) + J2 {kUi{r){aie-'' + S^e"- /') + fi\r){ai^e—'' + fii^e^/')) . 

n=l 

(51) 

Working out the momenta and commutation relations, it can be shown that 

kl, = -a/ ""°l?/|y!°,t^' , A;™ = -a/ ™o! ^u^'KT^ ■ The a' I dependences can be also fixed by 

dimensional analysis. The oscillator algebras are [a^, a'^^] = [a^, d'^^] = nS^'^Snm- 
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The Hamiltonian fl38p in this case simphfies to 



2 r2a 



2a 



i*\2 



2a 



m|2 



- + e 



/2 



I/, 



m|2 



m -mi / h-a/ rm\2 / I I , , \ / nm\2 



- {«n > M ^ (in ) + 



/2 



{a_„,a_„| r (/„ ) + 



/2 V L 



(/;: 



(52) 



We can now study the asymptotics of these mode functions and thence of stringy states 
in the regulated (but highly curved) near singularity region. In particular, focussing on the 
regulated region r <^ L, the mode functions above become 



n{LeYi 

ldi/[a+l) 



(53) 



Now the mode asymptotics change depending on the cutoff length scale Lc = (Le)""*"^. 

The low lying string modes (small oscillation number n <^ j^) have mode function asymp- 
totics as r — 7- 



T + Le 



a: 



jr + Le) 

pu/ia+l) 



2v 



(54) 



so thatO (for 2i/ > 0) 

fn ~^ A„o , 



ri . riT 

Jn 



/l/(a+l) 



fn ^ A- , /r ^ W (r + Le) 



2u~l 



(55) 



^The constant coefBcients A^, from the Bessel expansions, are 



TTT + r™ rot ^'^ 



n 



ati+a COSeC 



2a+2 



2a + 2 



2« + 2y r(i±i) 

n \ "TT cosec^ 



2a + 2 



^ V a+1 



16 



Then the Hamiltonian fl52p for these low lying modes simplifies and can be rewritten as 



|C"*| V /2i./(a+l) ''nrOnr+ ;(2j.+2b)/(a+l) ''"0 OnO J | ) l^^J 



where we have defined new oscillator modes (and their Hermitian conjugates) 

^nO = -^nO^n ~ ^nO ^-n i Hit = Kit<4i ~ ^nr ^-n i I = i,m . (57) 

The algebra and other properties of these operators are as discussed in [1]. The string 
oscillator masses = —2g^^p^p_ — g^\pio)^ recalling that p_ = — 2~^) ^P+ = H, then work 
out in the regulated region to (for 2z/ > 0) 



2a'(a + l) ^ V (Le)'^ n2|c^o|^K('^+i) (Le)^ «^ I Co 1^''/^"+^^ Co I 

2,?n; n<-r- 

(58) 

defining 

^^nr — '^nr'^nr ) ^^nO ~ "nO"nO ' ^^nr " "nr "nr 5 ^^nO ~ "nO "nO • l^^J 

The time-dependence in the masses shows that single excitations are light relative to the local 
curvature scale in the regulated region if (from the prefactor) 

Z»/("+i)/(a'(Le)'^) ,„,2 ^ ^ 

l/iLey'J « 1 [Ler^ « • (60) 

To obtain some intuition for this, note that for a ~ (almost flat space), we have = {Lef ^ 
^ ~ a', i.e. the regulating length scale is substringy. Similar expressions can be obtained 
from the A^^o,r prefactors. 

For the case 2v < 0, the mode function asymptotics are different: in particular, the mode 
functions /^(r) grow large but are still finite due to the regulator. Then we can again calculate 
the Hamiltonian and the oscillator masses for this case. 

Now we turn to the other asymptotic region of the modes: the modes are oscillatory for 

n > — = . (61) 

The mode function asymptotics for (these oscillatory) highly stringy modes in the regulated 
region are (for positive frequency modes with ci = 1, C2 = —i) 

la/{2{a+l)) lb/{2(a+l)) 

17 



and their derivatives are 

.. / m(Le)" a \ e-»(i^)"+V(a+i) / m(Le)" h \ e-^"(^'^)"+V(a+i) 

(63) 

The Hamiltonian ([7]) for highly stringy modes then simphfies to 

H> ~ ^—^{aiy^ + a^„S^ + n) , (64) 
where the constant prefactor arises as g-r 

a'iii^/^. Thus the (instantaneous) masses 
of the highly stringy states in the regulated region are 



m 



' ~ -g+-Hp_ ~ (iv„/ + +n)r^ ^{N^ + + n) . (65) 



(Le)" / a' ' " " ' a 

Relative to the local curvature scale given by 72 , these modes are light for oscillator states 
satisfying 

< n < — . (66) 

This implicitly requires p_ ^ The number of such oscillator levels from is ^(1 —p-Lc). 
Thus for any finite p_ <ti j^, only a finite set of the highly stringy oscillator states are excited 
in the regulated near singularity region, as expected. In the singular limit Lc — )■ 0, all oscillator 
states are light and the number of excited oscillator states diverges. Conversely in the sector 
»_ ~ 7!-, the window of light highly stringy states pinches off. 

As the lightcone momentum p_ increases, the lower cutoff in fl66|) increases and the oscillator 
states that are highly stringy must have higher n. Conversely, in the p_ = zero mode sector, 
essentially all oscillator states are highly stringy. 

With the singularity regulated at the string scale Lc ^ h, we see that no string oscillators 
are turned on in the regulated region, z.e. n ~ 1 is already not a light state, from ( |66|) . If instead 
the regulator is the Planck length Lc ~ Ip, then the oscillator state of highest level turned on 
is n ~ (y'Y ~ 2/(D-2) ) using the naive relation for the Newton constant Gd = Ip""^ = fi'f^f'"^- 
This implicitly requires p_ ^ Mp. Thus in the weakly coupled (or free) string limit (?s — )■ 0, 
we have ^ 1 in the regulated region with a large number of highly stringy oscillator states 
excited. 

In a reduced quantum mechanics of the oscillator modes, the wave function of the n-th 
highly stringy oscillator state again has an oscillating phase (using sec. 3.3 of [Tj) but one that 
is non-divergent now, due to the regulator. The overall damping of the real Gaussian part 
is also finite. We recall from [T] that the wave functions for the low lying oscillator states 
are regular even in spacetimes with singularities for 2v > 0. In the regulated spacetime, the 
wavefunctions are also well-behaved for the cases 2z/ < 0. 
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6 Discussion 



We have described the Schrodinger picture wavefunctional for string propagation across null 
singularities, reconciling this with the description in terms of the conventional Hamiltonian of 
oscillator states. The nonsingular behaviour of the wavefunctional suggests that free string 
propagation is well-defined across null cosmological singularities satisfying certain relations 
among their Kasner exponents (2z/ > 0). These are in fact the singularities for which the 
classical near-singularity string mode functions are non-divergent. While most of our discussion 
has been for two scale factors (or Kasner exponents), it is straightforward to generalize this to 
multiple Kasner exponents. In other variables, such as those arising in Brinkman coordinates, 
the presence of a "wildly" oscillating phase makes such an interpretation of the Schrodinger 
wavefunctional difficult. We then discussed the role of length scales and also studied string 
propagation in spacetimes of this sort where the singularity has been regulated at some scale 
(with a certain regulator). This gives a slightly clearer picture of how string oscillator modes 
get excited near the singularity. In particular for a finite substringy regulator, there is a finite 
(but large) number of string oscillator states excited near the singularity. If the regularization 
occurs at the Planck scale, the highest such oscillator state turned on is of level n ~ (1^)^ . 
Thus although the Schrodinger wavefunctional suggests well-defined free string propagation for 
some of these singularities, it is conceivable that the total production of light string states is 
divergent, as already suggested in [6j. An important related issue involves understanding the 
backreaction on the background of such light string modes. Also note that our discussion of 
the Schrodinger wavefunctional is essentially at the level of first quantized single strings. The 
fact that there is a proliferation of light string oscillator states suggests that perhaps a second 
quantized framework, e.g. string field theory, incorporating string interactions, might be useful 
for a more complete understanding of string propagation across such singularities. A simple, 
if trite, possibility is simply that strings get highly excited in the near singularity region but 
pass through without significant interaction, then smoothly get de-excited as we evolve past 
the singularity towards late times. It would be interesting to explore these further, and also 
understand the apparently ill-defined singularities (with 2i/ < 0). 

We have essentially used the scale factors hm{x'^) in our solutions here to simulate the role 
of the dilaton there in that the internal hm{x^) scale factors shrinking effectively drive the 
singularity in the x*-directions, just as the time-varying dilaton drives the singularity in the 
AdS/CFT cosmological context [21 |3l H]. Based on our discussion here, it would seem that the 
near singularity region in the bulk null AdS cosmologies p], having a sufficiently high local 
energy density, is filled with (relatively light) string oscillator states. Assuming that the bulk 
string theory has no qualitatively new features stemming from the worldsheet coupling to the 
D3-brane 5-form fiux, this system might be qualitatively similar to the present case. It would 
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then seem that interaction effects between the various string modes could become non-neghgible 
near the null singularity in the bulk. In these cases however, the string (gauge) coupling 
gs{x~^) = e**-^^-* = OymI^'^) vanishes near the singularity so that bulk string interactions 
might be suppressed, modulo bulk reffections of possible gauge theory renormalization effects 
as discussed (for AdS cosmologies with spacehke singularities) in [4] . Analogs of such solutions 
here with null Kasner-like dilatonic cosmological singularities satisfy -R++ = ^(c)_|_$)^ . With 
e* = gs{x~^)°', the Kasner exponents a, b, now satisfy + 2a + -^^(—6^ + 2b + 2ah) = and 
similarly for multiple Kasner exponent solutions. 

In general, one expectj§ that null singularities have no a' corrections: the lightlike nature 
forbids any nonzero covariant contraction contributing to a higher derivative correction to the 
effective action that might correct the singular region of the spacetime. As long as string inter- 
action [qs) effects also give only local covariant corrections to the low energy effective action, 
these will also vanish. This might lead us to imagine that null singularities are perhaps not 
resolved at all since possible stringy corrections vanish, i.e. these are not allowed singularities 
in string theory. In this sense, these are quite different from spacelike singularities where higher 
derivative corrections {i.e. stringy effects) yield increasingly important corrections near the sin- 
gularity. This argument relies on the presence of the null isometry: however the low energy 
null isometry could be invalid in the near singularity region, e.g. broken by stringy effects. 

From the worldsheet analysis above (and in [1]), we see detailed distinctions between the 
behaviour of string modes depending on the Kasner exponents leading us to suspect that such 
a general no-go argument need not be strictly true. Most notably, since string oscillator modes 
are being excited, in particular with a set of highly stringy modes being light, it is conceivable 
that nonlocal stringy effects become important near the singularity. The rough intuition is that 
a string mode of high oscillation number corresponds to a highly extended (or long and wiggly) 
string: such highly extended strings would in general be expected to intersect and thus interact 
nontrivially, fitting naturally within a second quantized framework incorporating interactions. 
This would be consistent with the idea that the low energy notion of spacetime does not exist 
in the vicinity of the singularity. Thus the possibility of a low energy mechanism for null 
singularity resolution via higher derivative corrections to a low energy effective description 
need not exist either. Similar features can of course be recalled from investigations of e.g. flop 
transitions in Calabi-Yau spaces. 



I thank A. Sen for discussfons on this pomt. 
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